We study metrics on non-compact manifolds with the exceptional holonomy Spin(7), G 2 . Using the formulation with vector fields, we investigate the metrics with Spin(7) holonomy recently found by Cvetič, Gibbons, Lü and Pope [hep-th/0103155]. Furthermore, we develop the similar formulation for metrics with G 2 holonomy. 
Introduction
It is important to search explicit metrics with exceptional holonomy in order to discuss the string compactifications with the lower amount of supersymmetry. Recently, Cvetič, Gibbons, Lü and Pope (CGLP) have obtained new complete Ricci-flat metrics with Spin(7) holonomy on bundles over S 4 , CP 2 [1] . These are the generalization of explicit metrics of R 4 bundle over S 4 obtained in [2, 3] to Taub-NUT and Taub-BOLT metrics. These metrics are constructed on R × Sp(2)/Sp(1), R × SU(3)/U(1) where S 7 = Sp(2)/Sp(1) → Sp(2)/(Sp(1) × Sp(1)) = S 4 , SU(3)/U(1) → SU(3)/S(U(2) × U(1)) = CP 2 are the principal SU(2), SU(2)/Z 2 -bundles, respectively. On the other hand, Yasui and Ootsuka (YO) [4] proposed a formulation using vector field of Spin (7) holonomy metrics on eight-dimensional manifolds, which is the analogue of the Ashtekar gravity construction of HyperKähler metrics in four-dimensions [5, 6, 7, 8] . In this article, we obtain the first order equations of CGLP as the certain condition using the vector fields naturally associated to the coset space. This method is simpler than the CGLP's calculation with the complicated manipulation to obtain Ricci-tensors. We also have obtained the similar criterion for the metric with G 2 holonomy by using vector fields.
There are certain sufficient conditions called the self-duality conditions on the spin connection for metrics on eight-, seven-dimensional manifolds to have Spin(7), G 2 holonomy, respectively [9] . In our coset examples, the self-duality conditions are equivalent to the conditions for vector fields. This is because both vector fields and dual one-forms needed to obtain the spin connection are essentially determined by the Lie algebra of the Lie group from which the coset space is constructed.
The organization of this paper is the following. In section 2, we discuss the known Ricci-flat metrics with exceptional holonomy including that found by CGLP [1] . In section 3, we study the condition for Spin(7) holonomy metrics in CGLP by following YO's proposition. In section 4, we introduce a similar criterion for G 2 holonomy metrics on seven-manifolds and apply it to R×S 3 ×S 3 , R×Sp(2)/(U(1)×Sp(1)), R×SU(3)/(U(1)× U(1)) found in [2, 3] . We include section 5 for the conclusions and discussions. Three appendices provide various notations necessary for this article.
Metrics with Exceptional Holonomy
In this section, we collect the ansatz and the first order differential equations from which the Ricci-flat solutions can be derived. These equations are derived in [1, 10] using a calculation of Ricci tensors and the superpotentials. In [1, 10] , it was shown that these first order equations are the integrability conditions for the existence of a single covariantly constant spinor in the eight-or seven-dimensional metrics. Thus, the solutions for the first order equations sholud always give the metrics with special holonomy.
Spin(7) holonomy
The ansatz can be written in the following [1] :
where S 3 is described as a U(1) bundle over S 2 ;
2)
where θ, φ, ψ have period 2π, 4π, 2π, respectively. In order to see this, note that
3)
where σ i are SU(2) one-forms. This means that if we adopt α = β, the ansatz reduces to the fiber S 3 . Note that S 3 is the group manifold of SU(2). dΩ
is the standard round metric on S 4 with cosmological constant Λ = 3 and A i (i = 1, 2, 3) is the self-dual SU(2) connection on S 4 . The corresponding field strength F i satisfy the quateronic algebra and can be regarded as almost complex structures [3] .
The similar metric is obtained by using the base space P 2 . Then the dΩ i is again the SU(2) connection on quateronic Kähler manifold P 2 . Then, the first order equations from which the Ricci-flat metrics with Spin(7) holonomy follow areα 4) where the dot˙represents a derivative with respect to t. We should note that these metrics are defined on the following fibration structures
This is based on SU(2) bundle over S 4 , P 2 . We have summarized how the metric is defined on the cosets in appendix B.
We can observe that these metrics are based on the following fibrations
3 Spin(7) holonomy Manifold A metric with Spin(7) holonomy on the simply connected eight-dimensional manifold M admits a Spin(7) invariant covarianty-constant spinor η. If such η exists, it is automatically Ricci-flat. Such metric has the Spin(7) invariant, self-dual, and closed four-form Ω (called Cayley four-form). The components can be written down as Ω αβγδ =ηΓ αβγδ η. By the suitable choice of the orthonormal basis {e α } (α = 1, . . . , 8), the Cayley four-form is given by the following form
The Ψ αβγδ are defined by the structure constants of octonion algebra Conversely, if the four-form Ω (3.1) with respect to a metric on M is closed, then the metric has Spin(7) holonomy [2] . Here, we address the relation to the self-duality equation of the spin connection. In general, the spin connection ω αβ takes the value in the Lie algebra of SO (8) . In [9] , the condition of which the spin connection on Spin (7) holonomy manifold should satisfy is proposed:
This is the generalized self-duality condition in eight-dimension. We may call this equation as the octonionic instanton equation. Recall that, in four-dimension, the self-duality equation for the spin-connection is based on the structure constants of the quaternionic algebra. In fact, we can show that if the spin connection satisfies the self-duality condition (3.5), the four-form (3.4) is closed:
Using this property, certain metric on R 4 bundles over S 4 in [2, 3] was rederived as the octonionic gravitational instanton [11] . On the other hand, the Cayley four-form of CGLP's solution do not have the form in (3.4). Thus, it is rather difficult to see whether the spin connection satisfies the self-duality condition (3.5).
In [4] , another construction of metrics with Spin (7) holonomy was introduced. The metrics are constructed from the solutions to the first-order differential equations for the vector fields. We summarize the results in the following.
Proposition [4]
Let M be a simply-connected eight-dimensional manifold, and ω a volume form on M. We introduce the linearly independent vector fields V α (α = 1, . . . , 8) on M. We denote the one-forms dual to V α by W α . Suppose that the vector fields V α satisfy the following two conditions:
(1) volume-preserving condition
where Ψ αβγδ is the same as (3.2). And [ , ] SN is the Schouten-Nijenhuis bracket. Here,
Then the metric with Spin(7) holonomy can be written down as follows
where
The corresponding Cayley four-form is given by
We apply the above formulation to the following two eight-dimensional spaces: 12) where the range in the radial direction R should be taken after solving the equation (3.15) so that the vector fields (3.14) are well-defined. We have summarized the notation on the coset spaces in the appendix A. We should keep in mind that the story is the same for two manifolds. Let σ 1 , . . . , σ 7 be local one-forms on Sp(2)/Sp(1) or SU(3)/U(1) which are left-invariant one-forms σ 1 , . . . , σ 7 when pulled back to Sp(2) or SU(3) and let r be a coordinate on R. First, we choose the volume form
Then, we adopt the following ansatz for the vector fields V α :
14)
where σ * i are dual to σ j ; σ i (σ * j ) = δ ij . Although σ 1 , . . . , σ 7 are local one-forms, the metric (3.16) is well-defined on the coset spaces at each value of r. The commutation relations among the vector fields are obtained as in Appendix C. Now, we consider the two condition (1), (2) . The volume-preserving condition (1) is satisfied in a trivial way as explained in (5.11). Non-trivial constraints are obtained from the 2-vector condition (2):
For the solutions to (3.15), we have the metrics with Spin (7) holonomy
In order to see the relation to CGLP's solutions [1], we rewrite above metric into the following form
Then, we obtain the following first-order differential equationṡ 18) where˙denotes the differentiation by t. With the change t → 2t and the identification 19) we have the same first-order differential equations as (2.4) in CGLP [1] .
G 2 Holonomy Manifold
A metric on a simply-connected seven-dimensional manifold has G 2 holonomy if and only if the three form Φ below and its dual four-form * Φ are closed. Here, by the suitable choice of the orthonormal basis, Φ is written as
where c abc are structure constants of octonionic algebra (3.3). In [9] , the self-duality condition for the spin connections on manifolds with G 2 holonomy was written as follows [9] 
where Ψ abcd is the same as (3.1). If the spin connection satisfies this self-duality condition, the forms (4.1) are closed
We could show that the first order equations (2.7) is derived by using above self-duality condition. However, it is difficult to obtain first order equations (2.8) by using self-duality equations for the remaining two metrics on R 3 bundle over S 4 , P 2 . Now, we extend the proposition in YO [4] to the manifolds with G 2 holonomy. We can summarize in the following way.
Proposition
Let N be a simply-connected seven-dimensional manifold, and ω a volume form on N. We denote the linearly independent vector fields on N by V a (a = 1, . . . , 7) . And we define the one-forms dual to V a by W a such that
. If the vector fields V a and real functions P, Q satisfy the following conditions:
then the metric with G 2 holonomy is given as follows
The corresponding three-form
Proof
We assume that the metric is of the form
where φ is a some real positive function. In order for the metric to have G 2 holonomy, it is necessary and sufficient to show that the following three-form
satisfies dΦ = d * Φ = 0. Now we can rewrite
where f = ω(V 1 , . . . , V 8 ). Then, using dω = L Va ω = 0, and
and
where β is a one-form and ∧ means the external product, we can show
This completes the proof of the above proposition.
Application
Using above formulation, we can make the explicit analysis for the metrics found in [2, 3] . There are three explicit metrics. We have succeeded to derive the first order equations by using the following seven-dimensional manifolds
Essentially, the second and the third manifolds reduces to the same system. First, N = R × SU(2) × SU(2). Let {σ 1 , σ 2 , σ 3 } and {Σ 1 , Σ 2 , Σ 3 } be the left-invariant one-forms of the first and the second SU(2), respectively, and r be a coordinate on R.
We take σ 1 ∧ σ 2 ∧ σ 3 ∧ Σ 1 ∧ Σ 2 ∧ Σ 3 ∧ dr as the volume form and use the following ansatz for the vector fields:
(4.19)
The commutation relations are obtained in appendix C. Corresponding dual one-forms are given by:
Using the criterion (2), we have obtained the following first order equations
Combining with
we can show that these equations becomes the first order equationṡ
which reduce to (2.7) with t → 2t, C → α, A → β. The analysis for manifolds with base space S 4 , P 2 can be done in the similar way. We take a volume form as σ 1 ∧ σ 2 ∧ dr ∧ σ 4 ∧ σ 5 ∧ σ 6 ∧ σ 7 . The ansatz for the vector fields are
(4.24)
Using the criteria (2), we obtain the following differential equations
If we change the metric into the following form
we obtain the following equationṡ
which reduce to (2.8) with t → −t, A → 2a, C 2 → 2c 2 .
Conclusions and Discussions
In this paper, we discussed the coset construction of the metrics with exceptional holonomy on R ×coset spaces by using the formulation with vector fields and showed that the analysis can be quite simple. The cosets which give the metrics with Spin(7) holonomy was classified in relation to the compactification of the eleven-dimensional supergravity [12] . From the classification, there seems to be no other possible candidates of coset spaces. It would be very interesting to develop the method appliciable for the ansatz beyond the coset spaces. It would be also interesting to find the generalization of the formulation with vector fields to the SU(4), Sp(2) holonomy in eight-dimensions.
We can choose more general ansatz for vector fields. For example, the most general one for the metric on R × SU(3)/U(1) is
Then, the 2-vector condition yields five first-order differential conditions. There might be an interesting solution to give new explicit examples. There is a similar generalization for the metric on R × SU(3)/(U(1) × U(1)). We may expect the other generalization in the metrics with G 2 holonomy. It was argued in [13] that the configuration of D6-branes wrapping special Lagrangian S 3 in the deformed conifold T * S 3 [14] can be represented as the M-theory compactification on the space of R 4 bundle over S 3 with G 2 holonomy. In CGLP's solution [1] with Spin(7) holonomy, the metrics with G 2 holonomy in [3] have been naturally appeared. Then, it seems natural to expect the similar Taub-NUT and Taub-BOLT generalization of the metric on R 4 bundle on S 3 . However, the answer seems negative; If we adopt the following ansatz for the vector fields which is the generalization of (4.24):
the resulting equations necessarily reduce to a = b. Finally, it is natural to ask how the multi-center metrics are given by using the vector fields. In four-dimensions, the Gibbons-Hawking type metric [15] can be derived from the following ansatz for the vector fields on R × R 3 with the volume form dτ ∧ dx
where i = 1, 2, 3. However, the naive generalization to the higher dimensions does not work. The existence theorem for multi-center metric with SU, Sp holonomy was proved by Joyce in [16] . In four-dimensions, using the HyperKähler quotient construction [17] , the Gibbons-Hawking metrics was derived [18] . It would be interesting to consider the HyperKähler quotient construction for metrics with Sp(2) holonomy.
A Left-invariant One-forms and Vector Fields
We introduce the left-invariant vector fields and the left-invariant one-forms on the classical groups and see how they descend to cosets (for example, see [19] ).
Let G be the classical groups and let n be the real dimension of G. We denote the basis of the Lie algebra LieG of G by T 1 , T 2 , · · · , T n with respect to the inner product < T i , T j >= −trT i T j on LieG (which is positive definite because it is equal to (−tr adT i adT j )× positive constant). We denote the structure constant by C ijk which is totally antisymmetric due to the ortogonality of T i 's
Let A ij (1 ≤ i, j ≤ n) be complex functions on G which assign an element a ∈ G its (i, j)-th entry, i.e., A ij (a) = a ij . Consider the matrix-valued 1-form
, called the Cartan canonical one-form. Actually it is LieG-valued and we write it in the following form
Then σ 1 , · · · , σ n are linearly independent, globally defined one-forms on G and invariant under the left action of G on G. They are called left-invariant one-forms. The differentials of σ i 's are
Vector fields { X 1 , · · · , X n } which are dual to { σ 1 , · · · , σ n } are also invariant under the left action of G on G and called left-invariant vector fields. They generate the right action of G on G and the Lie brackets between them are same as those of
Now we turn to the space of orbits G/H with respect to the right action of H on G where H is a n − ℓ dimensional closed subgroup of G. If we choose a representative of each H-orbit smoothly, we can identify it as a point in G/H.
We shall change the basis of LieG if needed so that T ℓ+1 , · · · , T n span the basis of LieH 4 . Let σ 1 , · · · , σ ℓ be the restriction of σ 1 , · · · , σ ℓ and X 1 , · · · , X ℓ be the restriction of X 1 , · · · , X ℓ . They are dual to each other
and satisfy
Moreover, we can show that
if we use the formula on one-forms,
In general, the one-forms σ 1 , · · · , σ ℓ and the vector fields X 1 , · · · , X ℓ exist only locally on G/H. That is because the Cartan one-form is not invariant under the right action of H in general, so when we change the representatives of H-orbits in G, σ i 's also change. Thus we must be careful about the global existence of a metric on the orbit space when constructing it from the restriction of left-invariant one-forms.
and [ X i , X j ] = n k=1 C ijk X k at the point a ∈ G. 4 Note that the adjoint action of T ℓ+1 , · · · , T n act on two sets {T 1 , · · · , T ℓ } and {T ℓ+1 , · · · , T n } separately because the structure constant is totally antisymmetric. Then X ℓ+1 , · · · , X n are generators of the right H-action.
SU(3)/U(1) over CP 2
Here, we will present the basis of the Lie algebra su(3) which we used in the main sections and write down an explicit local trivialization of SU(3) as the S(U(2) × U(1))-principal bundle over CP 2 . We take the following basis for su ( These matrices are i× the Gell-Mann matrices. These are the orthogonal basis with −trT i T j = 2δ i,j for 1 ≤ i ≤ 8.
We choose T 8 as the generator of U(1) for SU(3)/U(1). Moreover, when we see SU(3)/U(1) as the bundle over CP 2 , we take T 1 , T 2 , T 3 as the generators of the fiber directions. The following is an example of coordinates on SU ( We chose the third column of SU(3)-matrix as a vector in C 3 defining a point in CP 2 and w 1 , w 2 are its complex coordinates. t is a coordinate of U(1) generated by T 8 , and α, β are complex numbers satisfying |α| 2 +|β| 2 = 1, which can be regarded as coordinates of SU(2), but because (α, β, t) and (−α, −β, t + 2π) are a same point, they are rather coordinates of SU(2)/Z 2 . We can explicitly compute the metric σ 4 ⊗ σ 4 + σ 5 ⊗ σ 5 + σ 6 ⊗ σ 6 + σ 7 ⊗ σ 7
